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a b s t r a c t
Let M be a semifinite von Neumann algebra with a faithful, normal, semifinite trace τ
and E be a symmetric Banach function space on [0, τ (1)). We show that E is complex
uniformly rotund if and only if E(M, τ )+ is complex uniformly rotund. Moreover, under
the assumption that E is p-convex for some p > 1, complex uniform rotundity of E
implies complex uniform rotundity of E(M, τ ). Therefore if E has non-trivial convexity,
complex uniform convexity of E is equivalent with complex uniform convexity of E(M, τ ).
We obtain an analogous result for the unitary matrix space CE and a symmetric Banach
sequence space E. From the abovewe conclude that E(M, τ )+ is complex uniformly rotund
if and only if its norm ∥ · ∥E(M,τ ) is uniformly monotone.
© 2012 Elsevier Inc. All rights reserved.
Complex uniform rotundity of complex normed spaces was introduced by Globevnik in [1] as a natural generalization
of uniform convexity. In addition to showing that the complex space L1 is complex uniformly convex, Globevnik gave an
application of complex uniform convexity to analytic functions.
Complex uniform convexity of the Schatten class C1 = Cℓ1 was first discovered by Haagerup, as a consequence of the
more general result included in [2], stating that the dual of C∗-algebra is uniformly complex convex. Later, Mattila in [3],
gave an alternative proof of the complex uniform convexity of C1.
In 1990, Xu observed that if concavity and convexity constants of a symmetric Banach space E are both equal to 1, then
E(M, τ ) is a complex uniformly rotund space, for any semifinite von Neumann algebraM. Moreover, he showed that if E is
q-concave for some q <∞ then the space E(M, τ ) is complex uniformly convexifiable, [4].
The goal of this paper is to show that the symmetric Banach function space E is complex uniformly rotund if and only if
E(M, τ )+ is complex uniformly rotund, whereM is a semifinite von Neumann algebra, with a faithful, normal, semifinite
trace τ . We obtain also that complex uniform convexity of E is inherited by E(M, τ ), if E has non-trivial p-convexity. The
analogous results follow for the unitary matrix space CE .
The paper is organized as follows. In the preliminary section we explain definitions and notations used throughout the
paper. In the second section we investigate the relation between complex uniform rotundity of E and E(M, τ ). In the last
section we present the direct proof of complex uniform rotundity of L1 (M, τ ).
1. Preliminaries
We begin by recalling some necessary terminology. We refer the reader to [5–7], for example, for further details.
LetM be a semifinite von Neumann algebra on the Hilbert space H with the unit element 1, equipped with a faithful
normal semifinite trace τ . Given a self-adjoint (possibly unbounded) linear operator, we denote by ex(·) the spectralmeasure
of x.
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A closed, densely defined operator x, which commutes with all the unitary operators from the commutantM′ ofM, is
called τ -measurable if there exists λ > 0 such that τ

e|x|(λ,∞) < ∞. The collection of all τ -measurable operators is
denoted by S (M, τ ).
For an operator x ∈ S (M, τ ), the function µ(t; x) defined by
µ(t; x) = inf s ≥ 0 : τ(e|x|(s,∞)) ≤ t , t > 0,
is called a decreasing rearrangement of x or a generalized singular value function of x. We shall use the notation µ(x) for the
function µ(t; x), t ∈ R+. Putting µ(∞; x) = lim
t→∞µ(t; x), x ∈ S (M, τ ), the set
S0 (M, τ ) = {x ∈ S (M, τ ) : µ(∞; x) = 0}
is a ∗-subalgebra in S (M, τ ).
Any closed, densely defined linear operator x which is τ -measurable has the polar decomposition x = u |x|, that is u is a
partial isometry such that u∗u = s(x), where s(x) is a projection onto Ker⊥x and is called the support projection. It is known
that Ker u = Ker x, u ∈M and |x| is τ -measurable. The null projection n(x) = 1− s(x) is a projection onto Ker x.
Given ϵ, δ > 0, the family of sets U(ϵ, δ) consisting of all τ -measurable operators x for which µ(δ, x) < ϵ, forms a
neighborhood base at 0 for a Hausdorff linear topology inM, called themeasure topology.
The measure topology can be localized in the following way [8]. If ϵ, δ > 0 and if e is a projection inM with τ(e) <∞,
then the family of all sets U(ϵ, δ, e) consisting of all x ∈ S (M, τ ) such that exe ∈ U(ϵ, δ) forms a neighborhood base at 0 for
a Hausdorff linear topology on S (M, τ ). This topology will be called the topology of local convergence in measure (denoted
(lcm)). As noted in [8], convergence locally in measure coincides with convergence for the measure topology relative to
(eMe, τ (e · e)), for each projection e ∈M with τ(e) <∞.
Let x, y ∈ S (M, τ ). We say that x is submajorized by y and write x ≺ y, whenever µ(x) ≺ µ(y), that is  t0 µ(s; x)ds ≤ t
0 µ(s; y)ds, for all t > 0. It is well known thatµ(x+ y) ≺ µ(x)+µ(y) andµ(x)−µ(y) ≺ µ(x− y), for all x, y ∈ S (M, τ ).
Let L0 stand for the space of all complex-valued Lebesgue measurable functions on [0, α), α ≤ ∞ (with identification
a.e. with respect to the Lebesgue measurem). A Banach space E ⊂ L0 is called symmetric if it follows from f ∈ L0, g ∈ E and
µ(f ) ≤ µ(g) that f ∈ E and ∥f ∥E ≤ ∥g∥E . Moreover, if from f , g ∈ E and f ≺ g we have that ∥f ∥E ≤ ∥g∥E then E is called a
strongly symmetric Banach function space. Finally, E is said to be fully symmetric if conditions f ∈ L0, g ∈ E and f ≺ g imply
that f ∈ E and ∥f ∥E ≤ ∥g∥E .
Given a semifinite vonNeumann algebra (M, τ ) and a symmetric Banach function space E on [0, τ (1)) the corresponding
noncommutative space E (M, τ ) is defined by setting
E (M, τ ) = {x ∈ S (M, τ ) : µ(x) ∈ E}.
E (M, τ ) equipped with the norm ∥x∥E(M,τ ) = ∥µ(x)∥E is a Banach space and it is called a symmetric space of measurable
operators associated with (M, τ ) and corresponding to E.
By a positive operator x we mean a self-adjoint operator such that ⟨xξ, ξ⟩ > 0 for all ξ in the domain of x. By E+ and
E(M, τ )+ we shall denote the cone of all positive functions on E and all positive operators on E(M, τ ), respectively.
Recall that an element f in a symmetric space E is called order continuous if for every 0 6 fn 6 |f | such that fn ↓ 0 a.e. it
holds ∥fn∥E ↓ 0. We say that E is order continuous if every element in E is order continuous. Order continuity of E(M, τ ) is
defined similarly.
If E is an order continuous symmetric space then it is a fully symmetric space [9, Theorem 4.10], which is equivalent
with E (M, τ ) being fully symmetric and order continuous [10, Theorem 2.9]. Moreover, order continuous symmetric space
E (M, τ ) is embedded in S0 (M, τ ) [11, Proposition 2.1].
The trace τ onM+ extends uniquely to an additive, positively homogeneous, unitarily invariant and normal functional
τ˜ : S (M, τ )+ → [0,∞], which is given by τ˜ (x) = ∞0 µ(t; x)dt, x ∈ S (M, τ )+ [12]. This extension is also denoted by τ .
Consequently, in view of the definition of the extended trace, the space L1 (M, τ ) is defined as
L1 (M, τ ) = {x ∈ S (M, τ ) : τ(|x|) <∞} =







For the theory of operator algebras we refer to [13,14], for noncommutative Banach function spaces to [10,15–18], and
for unitary matrix spaces to [19]. For definitions and facts on Banach lattices we refer to monographs [9,20].
For the reader’s convenience we gather below two properties of a singular value function that will be used further in the
paper.
Proposition 1.1. (1) [21, Proposition 3] If x, y ∈ S(M, τ ), y = y∗, x ≥ 0, then µ(t; x) ≤ µ(t; x+ iy) for all t > 0.
(2) [10] Let x, y ∈ S (M, τ ) , x = x∗ and y ≥ 0. If −y 6 x 6 y then x ≺ y.
Using a similar argument as in [5, Lemma 1.5], the following can be easily observed.
Lemma 1.2. Let (X, ∥ · ∥) be a Banach space and {xn} ⊂ SX , {yn} ⊂ X. If limn∥xn ± yn∥ ≤ 1, then limn ∥xn ± yn∥ = 1.
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Below we include the result that shows that E is isometrically embedded into E(M, τ ), if certain conditions on the trace
τ and the von Neumann algebraM are imposed.
Proposition 1.3 ([16,17]). Suppose M is a non-atomic von Neumann algebra with a faithful, normal, σ -finite trace τ . Let
x ∈ (L1 (M, τ ) +M) ∩ S+0 (M, τ ). Then there exist a non-atomic commutative von Neumann subalgebra N ⊂ M ⊂ B(H)
and a ∗-isomorphism V acting from the ∗-algebra S ([0, τ (1)),m) into the ∗-algebra S(N , τ ), such that
V (µ(x)) = x and µ(V (f )) = µ(f ) for all f ∈ S ([0, τ (1)),m) .
Consequently, the Banach function lattice E is isometrically embedded into E (M, τ ).
Remark 1.4. Let M be a non-atomic von Neumann algebra with a faithful, normal, semifinite trace τ . Given a positive
operator x ∈ S0 (M, τ ), such that τ(s(x)) = τ(1), the von Neumann algebra Ms(x) = {s(x)y|s(x)(H) : y ∈ M} has





is given by µτs(x)(y) = µ(s(x)ys(x)), y ∈ S(Ms(x), τs(x)). Therefore if the trace τ onM is not σ -finite,





Let us note that it is always possible to replace M by M ⊗ L∞[0,∞) and thus to ensure that M is non-atomic and that
τ(1) = ∞ [5,22].
Therefore, throughout the remainder of the paper we can assume without loss of generality that M is a non-atomic
semifinite vonNeumann algebrawith a faithful, normal, semifinite, and infinite trace τ . Ewill stand for a symmetric function
space on [0,∞).
2. Complex uniform rotundity in symmetric spaces of measurable operators
Given a Banach space (X, ∥ · ∥) over the field of complex numbers, by BX and SX we denote the unit ball and the unit
sphere of X , respectively.
We say that X is a complex uniformly rotund (or C-UR) space [1], if for any ϵ > 0 there exists δ(ϵ) ∈ (0, 1) such that
sup
|λ|≤1
∥x+ λy∥ ≥ 1+ δ(ϵ) whenever ∥y∥ > ϵ and ∥x∥ = 1.
Notice that in the above definition we can replace {λ ∈ C : |λ| 6 1} by the set {1,−1, i,−i}. Let us state an equivalent
definition of a complex uniform rotundity.
Lemma 2.1. The Banach space (X, ∥ · ∥) is C-UR if and only if for any sequence {xn} ⊂ SX and {yn} ⊂ X the convergence
∥xn + λyn∥ → 1 for all λ = ±1,±i implies that ∥yn∥ → 0.
Proof. Clearly, it is enough to show only that if for {xn} ⊂ SX and {yn} ⊂ X the convergence ∥xn + λyn∥ → 1 for all
λ = ±1,±i implies that ∥yn∥ → 0, then X is a C-UR space.
Therefore, suppose that X is not a C-UR space, i.e. there exists ϵ > 0 such that for all δ ∈ (0, 1) there exist x ∈ SX and
y ∈ X satisfying ∥x∥ = 1, ∥y∥ > ϵ and ∥x + λy∥ < 1 + δ, for all λ = ±1,±i. Take δ = 1/n, n ∈ N. We have now that
for all n ∈ N, there exist xn ∈ SX , yn ∈ X such that ∥xn + λyn∥ ≤ 1 + 1/n and ∥yn∥ > ϵ. Hence limn∥xn + λyn∥ ≤ 1,
for all λ = ±1,±i. Since ∥xn∥ = 1, n ∈ N, by Lemma 1.2 it follows that limn ∥xn + λyn∥ = 1, for all λ = ±1,±i. Since
limn ∥yn∥ ≠ 0, the proof is complete. 
Let (E,6) be a partially ordered normed linear space.
We will say that E+ is complex uniformly rotund, if given sequences {fn} ⊂ SE, {gn} ⊂ E, fn, gn ≥ 0, the convergence
∥fn + λgn∥E → 1 for λ = ±1,±i implies that ∥gn∥E → 0.
The norm ∥ · ∥E on (E,6) is said to be uniformly monotone whenever for any ϵ > 0 there exists δ(ϵ) > 0 such that for
any 0 6 f , g ∈ E we have ∥f + g∥E > 1+ δ(ϵ), whenever ∥g∥E ≥ ϵ and ∥f ∥E = 1.
Equivalently, ∥ · ∥E on a partially ordered normed linear space E is uniformly monotone, if for the sequences {fn}, {gn} ⊂ E
satisfying 0 6 fn 6 gn for all n ∈ N, the condition limn ∥gn∥E = limn ∥fn∥E = 1 implies that ∥gn − fn∥E → 0.
The following result relates uniform monotonicity and uniform complex rotundity of the Banach lattice E.
Proposition 2.2 ([23,24]). A complex Banach lattice E is C-UR if and only if its norm ∥ · ∥E is uniformly monotone.
Moreover, by [24, Proposition 2.2] every Banach lattice with uniformly monotone norm is order continuous.
Consequently, we have the following.
Proposition 2.3. Every C-UR Banach lattice E is order continuous.
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It is easy to check that if E is a Banach lattice, then complex uniform rotundity of E+ implies that the norm ∥ · ∥E is
uniformly monotone. Indeed, suppose that 0 ≤ fn ≤ gn, ∥fn∥E = 1, n ∈ N, and ∥gn∥E → 1. Since |fn + λ(gn − fn)| ≤
fn + gn − fn = gn, for all λ = ±1,±i, by Lemma 1.2 we have that ∥fn + λ(gn − fn)∥E → 1, λ = ±1,±i. By complex uniform
convexity of E+, it follows that ∥gn− fn∥E → 0 and therefore ∥ ·∥E on E is uniformlymonotone. Since uniformmonotonicity
of the norm on E is equivalent with complex uniform convexity of E, the following holds.
Lemma 2.4. E is C-UR if and only if E+ is C-UR.
The next result is known for strongly symmetric function spaces, [25, Theorem 3.2]. We will extend it for arbitrary
symmetric space E.
Lemma 2.5. The norm ∥ · ∥E(M,τ ) on E(M, τ ) is uniformly monotone if and only if the norm ∥ · ∥E on E is uniformly monotone.
Consequently, if the norm ∥ · ∥E(M,τ ) on E(M, τ ) is uniformly monotone, then E(M, τ ) is order continuous.
Proof. Suppose that the norm on E(M, τ ) is uniformly monotone. We claim first that ∥ · ∥E is uniformly monotone. Indeed,
let {fn}, {gn} ⊂ E, where ∥fn∥E = 1, ∥gn∥E → 1 and 0 ≤ fn ≤ gn. As noted in Remark 1.4, we can apply Proposition 1.3 to the




, to get the ∗-isomorphism
V acting from S([0,∞),m) into ∗-algebra S(Ms(x), τs(x)) such that µ(s(x)V (f )s(x)) = µ(f ) for all f ∈ S([0,∞),m).
Since every ∗-isomorphism is positive, we have that 0 ≤ s(x)V (fn)s(x) ≤ s(x)V (gn)s(x). Moreover,
∥s(x)V (fn)s(x)∥E(M,τ ) = ∥fn∥E = 1 and ∥s(x)V (gn)s(x)∥E(M,τ ) = ∥gn∥E → 1. By uniformmonotonicity of the norm ∥ · ∥E(M,τ )
on E(M, τ ), wehave that∥gn−fn∥E = ∥s(x)V (gn−fn)s(x)∥E(M,τ ) = ∥s(x)V (gn)s(x)−s(x)V (fn)s(x)∥E(M,τ ) → 0. Consequently,
E is uniformly monotone.
It was shown in [24] that every Banach lattice E with a uniformly monotone norm is order continuous. Hence E is an
order continuous symmetric function space and consequently it is an order continuous fully symmetric space, [9, Theorem
4.10]. By [10, Theorem 2.9] we have now that E(M, τ ) is order continuous.
Suppose now that the norm ∥ · ∥E on E is uniformly monotone and therefore E is order continuous and fully symmetric.
Then by Theorem 3.2 in [25], ∥ · ∥E(M,τ ) on E(M, τ ) is uniformly monotone. 
We are ready now for the next main claim.
Theorem 2.6. If E is C-UR, then E (M, τ )+ is C-UR. If in addition E is p-convex for some p > 1, then E(M, τ ) is C-UR.
Proof. Suppose first that E isC-UR space and ∥xn+λyn∥E(M,τ ) → 1 for allλ = ±1,±i, where {xn} ⊂ SE(M,τ ), {yn} ⊂ E(M, τ )
are sequences of positive operators.
Note that xn + yn ≥ xn, ∥xn∥E(M,τ ) = 1, and ∥xn + yn∥E(M,τ ) → 1. Since by Lemma 2.5, the norm ∥ · ∥E on E
is uniformly monotone if and only if the norm ∥ · ∥E(M,τ ) on E(M, τ ) is uniformly monotone, it follows instantly that
∥yn∥E(M,τ ) = ∥(xn + yn)− xn∥E(M,τ ) → 0. Consequently, E(M, τ )+ is C-UR.
Assumenow that E isC-UR space,which is p-convex for some p > 1. Let ∥xn∥E(M,τ ) = 1, n ∈ N, and ∥xn+λyn∥E(M,τ ) → 1,
for λ = ±1,±i.
Since E is order continuous, µ(∞; x) = 0 for all x ∈ E(M, τ ). Thus the algebra p(x)Mp(x) is σ -finite, where
p(x) = s(x) ∨ s(x∗) and the restriction of the trace τ to p(x)Mp(x) is σ -finite. Set p = ∨∞n=1 (p(xn) ∨ p(yn)). Then the
algebra pMp is σ -finite and xn, yn ∈ E (pMp, τ ) , n ∈ N. Hence we may assume thatM is σ -finite. Using repeatedly order
continuity of E, we can find a sequence of projections pn ⊂ P(M), such that limn ∥p⊥n xn∥E(M,τ ) = limn ∥xnp⊥n ∥E(M,τ ) =
limn ∥p⊥n yn∥E(M,τ ) = limn ∥ynp⊥n ∥E(M,τ ) = 0 and τ(pn) < ∞ for all n ∈ N. Setting x′n = pnxnpn and y′n = pnynpn, n ∈ N, we
have that ∥xn − x′n∥E(M,τ ) → 0, ∥yn − y′n∥E(M,τ ) → 0 and ∥x′n + λy′n∥E(M,τ ) → 1, for all λ = ±1,±i. Clearly to prove that∥yn∥E(M,τ ) → 0, it is enough to show that ∥y′n∥E(M,τ ) → 0.
Since for all n ∈ N, s(x′n) 6 pn, we get that τ(s(x′n)) <∞ for all n ∈ N. Let x′n = un
x′n , n ∈ N, be the polar decomposition
of x′n. Since s(x′n) = u∗nun and s(x′∗n ) = unu∗n, s(x′n) ∼ s(x′∗n ) and τ(s(x′∗n )) = τ(s(x′n)) < ∞, for all n ∈ N. Hence s(x′n) and
s(x′∗n ), n ∈ N, are finite, equivalent projections inM and by [14, Chapter 5, Proposition 1.38], n(x′n) ∼ n(x′∗n ), n ∈ N. Thus by
Lemma 2.5 [5], for every n ∈ N there exists an isometrywn, such that x′n = wn
x′n.
Hence, for λ = ±1,±i
∥ x′n+ λw∗ny′n∥E(M,τ ) = ∥w∗nx′n + λw∗ny′n∥E(M,τ ) = ∥x′n + λy′n∥E(M,τ ) → 1.
Since ∥w∗ny′n∥E(M,τ ) = ∥y′n∥E(M,τ ), without the lost of generality we may assume that x′n > 0.
Denote by Re y′n = (y′n + y′∗n )/2, Im y′n = (y′n − y′∗n )/(2i), the real and imaginary part of y′n, n ∈ N, respectively. Then by
Proposition 1.1(1), µ(x′n) ≤ µ(x′n + iRe y′n), µ(x′n) ≤ µ(x′n + iIm y′n), and so
1 = ∥x′n∥E(M,τ ) 6 ∥x′n + iRe y′n∥E(M,τ ) 6 2−1∥x′n + iy′∗n ∥E(M,τ ) + 2−1∥x′n + iy′n∥E(M,τ ) → 1,
and
1 = ∥x′n∥E(M,τ ) 6 ∥x′n + iIm y′n∥E(M,τ ) 6 2−1∥x′n + y′n∥E(M,τ ) + 2−1∥x′n − y′∗n ∥E(M,τ ) → 1.
Hence limn ∥x′n + iRe y′n∥E(M,τ ) = limn ∥x′n + iIm y′n∥E(M,τ ) = 1. Therefore we can assume that ∥xn + λyn∥E(M,τ ) → 1, for all
λ = ±1,±i, where {xn} ⊂ SE(M,τ ), {yn} ⊂ E(M, τ ) are sequences of positive and self-adjoint operators, respectively.
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Since E is uniformly monotone, the inequality µ(t; xn ± iyn) ≥ µ(t; xn), t > 0, implies now that
∥µ(xn ± iyn)− µ(xn)∥E → 0. (2.1)
As a complex uniformly rotund space, E is q-concave for some q < ∞, [24]. If in addition we will assume that E is
p-convex for some p > 1, then by Proposition 1.d.8 in [26] there is norm ||| · |||E on E that is equivalent to ∥ · ∥E , such that
(E, ||| · |||E) is p-convex and q-concave symmetric function space with p-convexity and q-concavity constants equal to one.
Therefore (E, ||| · |||E) is uniformly convex [4, Theorem 4.4] and by (2.1)
|||µ(x′n ± iy′n)− µ(x′n)|||E → 0,
where x′n = xn/An, y′n = yn/An, An = |||xn|||E(M,τ ).
Hence,
|||x′n ± iy′n|||E(M,τ ) → 1, |||x′n|||E(M,τ ) = 1,
and by the uniform convexity of E(M, τ ), |||y′n|||E(M,τ ) → 0. Since y′n = yn/|||xn|||E(M,τ ), it is not difficult to see that∥yn∥E(M,τ ) → 0, and so E(M, τ ) is complex uniformly rotund. 
Theorem 2.7. If E(M, τ )+ is C-UR then E is C-UR.
Proof. Suppose that E(M, τ )+ is a C-UR space and let ∥fn + λgn∥E → 1, λ = ±1,±i, for positive sequences {fn} ⊂
SE, {gn} ⊂ E. Applying Proposition 1.3 to a positive operator xwith τ(s(x)) = ∞, there exists an isomorphism V acting from
S ([0,∞),m) into S(Ms(x), τs(x)), such that µ(s(x)V (f )s(x)) = µ(f ), for all f ∈ S ([0,∞),m). Hence
∥s(x)V (fn)s(x)+ λs(x)V (gn)s(x)∥E(M,τ ) = ∥fn + λgn∥E → 1, λ = ±1,±i,
where ∥s(x)V (fn)s(x)∥E(M,τ ) = ∥fn∥E = 1, n ∈ N. Note that V as a ∗-isomorphism is positive. Therefore V (fn), V (gn) ≥ 0
and s(x)V (fn)s(x), s(x)V (gn)s(x) ≥ 0. Since E(M, τ )+ is complex uniformly rotund, ∥gn∥E = ∥s(x)V (gn)s(x)∥E(M,τ ) → 0.
We have shown that E+ is complex uniformly rotund and by Lemma 2.4 E is complex uniformly rotund. 
Combining statements of Theorems 2.6 and 2.7, we have the following result.
Theorem 2.8. Symmetric space E is complex uniformly rotund if and only if E(M, τ )+ is complex uniformly rotund. Moreover,
if E is p-convex for some p > 1, then E is complex uniformly rotund if and only if E(M, τ ) is complex uniformly rotund.
We can now deduce the following result, which is known to be true for the Banach lattices, relating complex uniform
convexity of E(M, τ )+ or E(M, τ )with the uniform monotonicity of its norm ∥ · ∥E(M,τ ).
Corollary 2.9. The space E(M, τ )+ is complex uniformly rotund if and only if the norm ∥ · ∥E(M,τ ) on E(M, τ ) is uniformly
monotone. Moreover, if E is p-convex for some p > 1, then E(M, τ ) is complex uniformly rotund if and only if ∥ · ∥E(M,τ ) on
E(M, τ ) is uniformly monotone.
Proof. By Lemma 2.5, ∥ · ∥E(M,τ ) is uniformly monotone if and only if ∥ · ∥E is uniformly monotone. The latter is equivalent
with complex uniform rotundity of E. The claim follows now by Theorem 2.8. 
Let E ≠ ℓ∞ be a symmetric sequence space, and CE be the unitary matrix space of compact operators on the Hilbert space
H associated with E. Recall that CE is a Banach space of compact operators K(H) ⊂ B(H) for which the sequence of singular
numbers s(x) = {sn(x)}∞n=1 ∈ E, and it is equipped with the norm ∥x∥CE = ∥s(x)∥E . Let G be the set of all real functions








and set ∥f ∥G = ∥π(f )∥E . If E is order continuous then (G, ∥ · ∥G) is an order continuous function space on [0,∞)
[11, Proposition 6.1]. It is well known that S (B(H), tr) = B(H), where tr is the canonical trace on B(H), and the convergence
xn
tr−→ x is equivalent to the norm convergence ∥x − xn∥B(H) → 0, for x, xn ∈ B(H). Since E ≠ ℓ∞, the symmetric space
G (B(H), tr) is a proper two-sided ∗-ideal in B(H) and therefore it is contained in K(H). Thus for any x ∈ G (B(H), tr) the
singular value function µ(x) is of the form µ(t; x) =∞n=1 sn(x)χ[n−1,n)(t), t ≥ 0. Therefore the spaces CE and G (B(H), tr)
coincide as sets and they have identical norms.
We will show next that the statement of Theorem 2.8 remains true in the settings of unitary matrix spaces.
Theorem 2.10. Let E ≠ ℓ∞ be a symmetric sequence space. Then C+E is a C-UR if and only if E is a C-UR space. Moreover, if E
is p-convex for some p > 1, then CE is C-UR if and only if E is C-UR.
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Proof. Since E is isometrically embedded in CE [27, Proposition 1.1], if C+E is a C-UR space then so too is E.
Suppose now that E is a C-UR space. As explained above, CE = G (B(H), tr) and ∥x∥CE = ∥x∥G(B(H),tr) for any compact
operator x.
For the unitary matrix spaces we do not have an analogous result to Lemma 2.5, relating uniformmonotonicity of norms
∥ · ∥E and ∥ · ∥CE . Therefore the proof of complex uniform rotundity of C+E will require a more direct approach than the one
we employed in the proof of Theorem 2.6.
Let E be a C-UR space. Suppose that {xn} ⊂ SCE , {yn} ⊂ CE and ∥xn + λyn∥CE → 1, λ = ±1,±i, where xn, yn ≥ 0.
Since by Proposition 1.1(1), µ(x) 6 µ(xn + iyn), where µ(xn + iyn) = ∞k=1 sk(xn + iyn)χ[k−1,k) and µ(xn) = ∞k=1
sk(xn)χ[k−1,k), it follows that s(xn) 6 s(xn+ iyn). Note also that ∥s(xn)∥E = 1 and ∥s(xn+ iyn)∥E → 1. By Proposition 2.2, the
norm ∥ · ∥E is uniformly monotone and therefore ∥s(xn + iyn)− s(xn)∥E → 0. Thus
∥µ(xn + iyn)− µ(xn)∥G = ∥π(µ(xn + iyn)− µ(xn))∥E = ∥s(xn + iyn)− s(xn)∥E → 0. (2.2)
Similarly, since xn, yn ≥ 0 we have that s(xn + yn) ≥ s(xn). Therefore ∥s(xn + yn)− s(xn)∥E → 0, and so
∥µ(xn + yn)− µ(xn)∥G → 0. (2.3)
Since E is C-UR, it is q concave for some q < ∞. By Theorem 1.7 in [17, Chapter VII], CE = G(B(H), tr) is q-concave,
and therefore G is q-concave. By Corollary 4.6 in [4], there exists an equivalent norm ||| · |||G(B(H),tr) on G(B(H), tr), such that
G(B(H), tr)with the new norm is complex uniformly rotund.
By relations (2.2) and (2.3), |||µ(x′n + λy′n)−µ(x′n)|||G → 0, for λ = ±i and for λ = 1, where x′n = xn/An, y′n = yn/An, and
An = |||xn|||G(B(H),tr). Hence |||x′n + λy′n|||G(B(H),tr) → 1, for λ = ±i and λ = 1.
Now, by Proposition 1.1, applied to−(x′n+y′n) ≤ x′n−y′n ≤ x′n+y′n, it follows that |||x′n−y′n|||G(B(H),tr) ≤ |||x′n+y′n|||G(B(H),tr).
Therefore limn|||x′n − y′n|||G(B(H),tr) ≤ 1, and in view of Lemma 1.2, |||x′n − y′n|||G(B(H),tr) → 1.
We have now that |||x′n + λy′n|||G(B(H),tr) → 1, for λ = ±1,±i. Since G(B(H), tr) with the norm ||| · |||G(B(H),tr) is C-UR, it
follows that |||y′n|||G(B(H),tr) → 0, and so ∥yn∥CE = ∥yn∥G(B(H),tr) → 0. Therefore C+E is complex uniformly rotund.
Suppose now that E is C-UR and it is p-convex, for some p > 1. We will show next that CE is then complex uniformly
rotund. Let ∥xn + λyn∥CE → 1, λ = ±1,±i, where {xn} ⊂ SCE and {yn} ⊂ CE .
If E isC-UR, then it is q-concave for some finite q. Combining it with the assumption of p-convexity for p > 1, by Theorem
1.f.1 in [26], E is uniformly convexifiable. This in turn is equivalent with CE being uniformly convexifiable, by Theorem 5.1
in [27]. Proceeding nowanalogously to the proof of Theorem2.6,we can show that CE is a complex uniform rotund space. 
Let X be a Banach space and T a linear space topology on X weaker than the norm topology. The space X is said to have
the uniform Kadec–Klee property with respect to T (denoted UKK(T )) if for every ϵ > 0 there exists a δX (ϵ) ∈ (0, 1) such
that whenever x ∈ X and {xn} ⊂ BX with xn T→ x and infn≠m ∥xn − xm∥X > ϵ, then ∥x∥X < 1− δX (ϵ).
Next, we will combine our results with the theory included in [25], which connects the UKK(lcm) property with the
uniform monotonicity of a norm. Note that it will be required of the Banach lattice E to be strongly symmetric.
Corollary 2.11. Let E be a strongly symmetric Banach function space on [0,∞). The following statements are equivalent:
(1) E has UKK(lcm);
(2) E(M, τ ) has UKK(lcm) for every semifinite von Neumann algebraM;
(3) The norm ∥ · ∥E on E is uniformly monotone;
(4) The norm ∥ · ∥E(M,τ ) on E(M, τ ) is uniformly monotone for every semifinite von Neumann algebra;
(5) E is a C-UR space;
(6) E(M, τ )+ is a C-UR space for every semifinite von Neumann algebra.
If, in addition, E is p-convex for some p > 1, then the conditions (1)–(6) are equivalent with
(7) E(M, τ ) is C-UR space.
Proof. The equivalence of conditions (1)–(4) follows from [25, Theorem 3.2]. Proposition 2.2 provides the equivalence of
(3) and (5). Finally, (5) and (6) are equivalent by Theorem 2.8. If we assume that E is p-convex for some p > 1, then the
equivalence of (5) and (7) follows from Theorem 2.8. 
3. Complex uniform convexity of L1(M, τ)
In this section, we will show that L1 (M, τ ) is complex uniform convex, for any semifinite von Neumann algebra (M, τ ).
As noted in the preliminary section, we can assume thatM is non-atomic and τ(1) = ∞.
Haagerup’s result included in [2] states that a dual of any C∗-algebra is complex uniformly rotund. Since trace class C1 is
a dual of C∗-algebra K(H) of compact operators, it is complex uniformly rotund. Similarly, since the noncommutative space
L1 (M, τ ) is a Köthe dual of the von Neumann algebraM, by Haagerup’s result it is complex uniformly rotund.Wewill show
a direct proof of the complex uniform convexity of L1 (M, τ ), using similar techniques as in [3, Lemma 3.1].
Let us recall first a few basic facts about the trace class L1 (M, τ ). Defining, for each y ∈ M, the linear functional
Φy : x → τ(xy) on L1 (M, τ ), the map y → Φy is a linear isometry from M onto the Banach dual L1 (M, τ )∗. In other
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words, L1 (M, τ )∗ can be identified with M, and ∥y∥M = sup{|τ(xy)| : x ∈ L1 (M, τ ) , ∥x∥L1(M,τ ) 6 1}. Recall that if
x ∈ L1 (M, τ ) , y ∈ M, then xy ∈ L1 (M, τ ) and τ(xy) = τ(yx). Moreover, for x ∈ L1 (M, τ ) , τ (x∗) = τ(x). Hence if
x ∈ L1 (M, τ ) , y ∈ M and both operators are self-adjoint, then τ(xy) is a real number. We are ready now to prove the
following lemma.
Lemma 3.1. Let x and y be self-adjoint operators in L1 (M, τ ) with τ(x) > 1. If δ > 0 and ∥x + iy∥L1(M,τ ) 6 1 + δ, then
∥y∥L1(M,τ ) 6 (2δ(1+ δ))
1
2 .
Proof. Let z ∈M be a self-adjoint operator, with ∥z∥M 6 1 and let α ≠ 0 be any positive real number. The Cayley transform
of a self-adjoint operator α−1z is a unitary operator
uα = (α−1z + i1)(α−1z − i1)−1.
We have that
|Re τ(−uα(x+ iy))| 6 |τ(−uα(x+ iy))| 6 ∥uα∥M∥x+ iy∥L1(M,τ ) 6 ∥x+ iy∥L1(M,τ ).
Since−uα = 1− 2iα−1z + α−2z2(uα − 1),
−uα(x+ iy) = x+ iy− 2iα−1z(x+ iy)+ α−2z2(uα − 1)(x+ iy)
and therefore
Re τ(−uα(x+ iy)) = τ(x)+ 2α−1τ(zy)− α−2Re τ(z2(1− uα)(x+ iy)).
Note that Re τ(z2(1− uα)(x+ iy)) 6 ∥z2(1− uα)∥M∥x+ iy∥L1(M,τ ) 6 2∥x+ iy∥L1(M,τ ) and consequently
2α−1τ(zy) 6 ∥x+ iy∥L1(M,τ ) − τ(x)+ α−2Re τ(z2(1− uα)(x+ iy)) 6 δ + 2α−2(1+ δ).
Let α = (2(1+ δ)δ−1) 12 . Then τ(yz) = τ(zy) 6 (2δ(1+ δ)) 12 , and this inequality holds for any self-adjoint operator z ∈M
with ∥z∥M 6 1.
By the Hahn–Banach theorem, there is a linear functional F ∈ L1 (M, τ )∗, such that ∥F∥L1(M,τ )∗ = 1 and F(y) =∥y∥L1(M,τ ). Since L1 (M, τ )∗ is identified with M, there exists an operator z ∈ M, with ∥z∥M = ∥F∥L1(M,τ )∗ = 1 such
that F(a) = τ(az) for all a ∈ L1 (M, τ ). Let Re z = (z∗ + z)/2 and Im z = (z − z∗)/(2i) be the real and imaginary part of z,
respectively. Then z = Re z + iIm z, and both Re z, Im z are self-adjoint. Since ∥y∥L1(M,τ ) = τ(yz) = τ(yRe z) + iτ(yIm z),
we must have that τ(Re zy) = ∥y∥L1(M,τ ), where Re z is self-adjoint and ∥Re z∥M 6 1. Thus by the argument above,
∥y∥L1(M,τ ) = τ(Re zy) 6 (2δ(1+ δ))
1
2 . 
As an immediate consequence of Lemma 3.1 the claim follows.
Theorem 3.2. L1 (M, τ ) is complex uniformly rotund, for any semifinite von Neumann algebra (M, τ ).
Proof. Let {xn} ⊂ SL1(M,τ ), {yn} ⊂ BL1(M,τ ) be such that ∥xn + λyn∥L1(M,τ ) → 1 for all λ = ±1,±i. Without the loss of
generality we can assume that xn ≥ 0 and yn = y∗n , for all n ∈ N (see the proof of Theorem 2.6). Lemma 3.1 implies now that∥yn∥L1(M,τ ) → 0, and so L1 (M, τ ) is complex uniformly convex. 
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